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ARE DEVANEY HAIRS FAST ESCAPING?
LASSE REMPE, PHILIP J. RIPPON, AND GWYNETH M. STALLARD
Abstract. Beginning with Devaney, several authors have studied transcen-
dental entire functions for which every point in the escaping set can be con-
nected to infinity by a curve in the escaping set. Such curves are often called
Devaney hairs. We show that, in many cases, every point in such a curve,
apart from possibly a finite endpoint of the curve, belongs to the fast escaping
set. We also give an example of a Devaney hair which lies in a logarithmic
tract of a transcendental entire function and contains no fast escaping points.
For Bob Devaney on the occasion of his sixtieth birthday.
1. Introduction
Let f : C→ C be a transcendental entire function and denote by fn, n ∈ N ,
the nth iterate of f . The Fatou set F (f) is defined to be the set of points
z ∈ C such that (fn)n∈N forms a normal family in some neighborhood of z. The
complement of F (f) is called the Julia set J(f) of f . An introduction to the
properties of these sets can be found in [3].
This paper concerns the escaping set of f , defined as follows:
I(f) = {z : fn(z)→∞ as n→∞}.
For a general transcendental entire function f , this set was first studied by Ere-
menko [9] who proved that I(f) ∩ J(f) 6= ∅, J(f) = ∂I(f) and also that all
components of I(f) are unbounded. Eremenko then asked whether it is also true
that all components of I(f) are unbounded. Further, he asked whether a stronger
statement is true, namely whether every point in I(f) can be joined to infinity
by a curve in I(f). This second question is related to a question of Fatou [11] as
to whether there are infinitely many curves to infinity in I(f) ∩ J(f).
One family for which the answer to all of these questions is ‘yes’ is the family
of functions defined by f(z) = λez, for 0 < λ < 1/e. For such functions, it
was shown by Devaney and Tangerman [8] that F (f) is a completely invariant
immediate attracting basin and J(f) is a so called ‘Cantor bouquet’ consisting
of uncountably many disjoint simple curves, each with one finite endpoint and
the other endpoint at ∞. The set I(f) consists of the open curves (without
endpoints) together with some of their finite endpoints; see [13] and [15]. These
open curves are known to be contained in the set of points that ‘zip to infinity’ [20]
defined by
Z(f) = {z ∈ I(f) :
1
n
ln ln |fn(z)| → ∞ as n→∞}.
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It was shown by Rempe [15, Theorem 1.4] that there are endpoints of such curves
that escape to infinity at each possible rate. These curves are often referred to
as ‘Devaney hairs’.
In this paper, we define a Devaney hair of a transcendental meromorphic
function f to be a simple curve γ : [0,∞) → J(f) such that γ((0,∞)) ⊂ I(f)
and
(a) for each t > 0, fn →∞ as n→∞ uniformly on γ([t,∞));
(b) for each n ∈ N, fn(γ) is a simple curve connecting fn(γ(0)) to ∞.
Note that there are several alternative definitions of a Devaney hair that have
been used by other authors. Our definition is closely related to the definition of
a ray tail given in [19] – a ray tail is a Devaney hair for which γ(0) ∈ I(f) and
fn →∞ as n→∞ uniformly on γ([0,∞)).
The exponential functions belong to the Eremenko-Lyubich class, defined as
B = {f : f is a transcendental entire function and sing(f−1) is bounded},
where the set sing(f−1) consists of the critical values and the finite asymptotic
values of f . It was shown by Eremenko and Lyubich [10] that I(f) ⊂ J(f) for
every function f in the class B. Several authors have studied functions in the
class B and it is now known that, for many functions in this class, the escaping
set has properties similar to those described above for the exponential family.
The most general result known of this type is the following, proved in [19].
Theorem 1.1. Let f be a finite composition of functions of finite order in the
class B and let z0 ∈ I(f). Then z0 can be connected to ∞ by a simple curve
γ ⊂ I(f) such that fn →∞ uniformly on γ.
Remarks. 1. In Section 2 we outline the proof of Theorem 1.1; from the
proof it is clear that the curve γ is unique and that, for some k ∈ N, the curve
fk(γ) is a Devaney hair in the sense defined above.
2. The order, ρ, of a function f is defined by
ρ(f) = lim sup
r→∞
ln lnM(r, f)
ln r
,
where M(r, f) = max|z|=r |f(z)|.
3. Note that if f is a finite composition of functions in the class B, then f ∈ B.
Clearly, for any function satisfying the hypotheses of Theorem 1.1, the answers
to both of Eremenko’s questions and to Fatou’s question is yes. It is shown,
however, in [19] that there exists a function in the class B for which all the path-
connected components of I(f) are points and so, for this function, the answer
to the stronger form of Eremenko’s question is no. However, the answer to
the weaker form of Eremenko’s question for this function is yes by a result of
Rempe [16] who showed that all the components of I(f) are unbounded whenever
P (f) =
⋃∞
n=0 f
n(sing(f−1)) is bounded.
Baran´ski [1] also studied functions of finite order in the class B but with the
extra condition that sing(f−1) is contained in a compact subset of the immediate
basin of an attracting fixed point of f . With this extra condition he was able to
prove the stronger result that J(f) consists of a family of disjoint curves with
similar properties to the exponential functions studied by Devaney.
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Here we show that points on the curves obtained in Theorem 1.1, with the
possible exception of the endpoints, escape to infinity ‘as fast as possible’. More
precisely we show that these points belong to the fast escaping set defined by
A(f) = {z : there exists L ∈ N such that |fn+L(z)| ≥Mn(R, f), for all n ∈ N}.
Here, Mn+1(R, f) =M (Mn(R, f), f) and R is any value with R > minz∈J(f) |z|.
Note that A(f) is independent of the value of R.
The set A(f) was introduced by Bergweiler and Hinkkanen in [5] and has many
strong properties – for example, it was shown in [18] that all the components of
A(f) are unbounded. Note that A(f) is a subset of the set Z(f) defined earlier;
see [5].
The main result of this paper is the following; for completeness, we include
the conclusions of Theorem 1.1 in this result.
Theorem 1.2. Let f be a finite composition of functions of finite order in the
class B and let z0 ∈ I(f). Then z0 can be connected to ∞ by a simple curve
γ ⊂ I(f) such that
(a) fn →∞ as n→∞ uniformly on γ,
(b) there exists k ∈ N such that fk(γ) is a Devaney hair of f ,
(c) γ \ {z0} ⊂ A(f).
Theorem 1.2 states that all points on the curves in Theorem 1.1, except pos-
sibly endpoints, are fast escaping. We can also use Theorem 1.2 to show that,
for certain functions outside the class B, the escaping set meets the Julia set in
curves all points of which, except possibly endpoints, are fast escaping.
Theorem 1.3. Let f be a transcendental entire function such that
pi(f(z)) = g(pi(z)), for z ∈ C,
where pi(z) = eaz, a 6= 0, and g is a transcendental entire function which is a self
map of C∗ = C \ {0}. If g is a finite composition of functions of finite order in
the class B, g has an attracting fixed point at 0, and sing(g−1) is contained in a
compact subset of the immediate basin of attraction of g containing 0, then
(a) J(f) consists of a family of disjoint curves tending to ∞, each homeo-
morphic to [0,∞);
(b) I(f)∩J(f) consists of the disjoint curves comprising J(f), omitting some
of their endpoints; each of these curves, except possibly its endpoint, is
contained in A(f).
Remarks. 1. Any transcendental entire function which is a self-map of C∗ is
of the form g(z) = zm exp h(z), where m ∈ N and h is non-constant entire. Thus
the functions covered by Theorem 1.3 are all of the form f(z) = mz + h(eaz),
where m ∈ N, a 6= 0 and h is non-constant entire.
2. Since sing(g−1) is contained in a compact subset of the immediate basin of
attraction of g containing 0, this immediate basin of attraction is the only Fatou
component of g; see [2, page 396]. Therefore, the Fatou set of f is a completely
invariant Baker domain that contains sing(f−1).
The plan of the paper is as follows. In Section 2 we describe the background to
Theorem 1.2 and include a summary of the main steps in the proof of Theorem 1.1
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since these ideas are used in our proofs. In Section 3 we give the proof of
Theorem 1.2. In Section 4 we prove Theorem 1.3 and show that it applies to
various families of functions, including the function f(z) = z+1+e−z studied by
Fatou in [11]. In Section 5 we show that the conclusions of Theorem 1.2 also hold
for many functions of infinite order in the class B, and in Section 6 we give an
example of a Devaney hair which lies in a logarithmic tract of a transcendental
entire function of infinite order and contains no fast escaping points.
2. Background
Theorem 1.1 was proved in [19] by using logarithmic transforms of functions
in the class B. Here we introduce the techniques involved in that proof.
Let f be a function in the class B, let D denote a bounded Jordan domain
such that sing(f−1) ∪ {0, f(0)} ⊂ D and let W = C \D. It is known that each
component V of {z : f(z) ∈ W} is a logarithmic tract; that is, V is simply
connected and f : V → W is a universal covering. The main tool used by
Eremenko and Lyubich in [10] to study such functions was a logarithmic change of
variable. Let H = exp−1(W ). The map exp : H →W is also a universal covering
and so there exists a biholomorphic map G : V → H such that f = exp ◦G.
For each w ∈ exp−1(V ) we define the function F by F (w) = G(ew) so that
expF (w) = f(ew). Since we can define F on exp−1(V ) for each component V of
{z : f(z) ∈ W}, this defines a map F : exp−1({z : f(z) ∈ W}) → H . We say
that F is a logarithmic transform of f .
Following the notation used in [19] we denote the domain of F by T and
refer to the components of T as the tracts of F . As stated in [19], the function
F : T → H has the following properties.
(1) H is a 2pii-periodic Jordan domain that contains a right half-plane.
(2) Every component of T is an unbounded Jordan domain with real parts
bounded below, but unbounded from above.
(3) The components of T have disjoint closures and accumulate only at in-
finity; that is, if zn ∈ T is a sequence of points all belonging to different
tracts, then zn →∞.
(4) For every component T of T , F : T → H is a conformal isomorphism –
in particular, F extends continuously to the closure T of T .
(5) For every component T of T , exp |T is injective.
(6) T is invariant under translation by 2pii.
The class of functions F : T → H , for which F , T andH have these properties,
is denoted by Blog.
Remarks. 1. Functions in the class Blog are sometimes assumed to be periodic
– see, for example, [17]. In this paper (and also in [19]) this assumption is not
made.
2. Functions in the class Blog do not have to be logarithmic transforms of func-
tions in the class B. For example, suppose that f is any meromorphic function
with a logarithmic tract V . Then a function F ∈ Blog with domain exp
−1(V )
can be defined as above. As before, the function F is said to be a logarithmic
transform of f . The iteration of meromorphic functions with a logarithmic tract
is discussed in [6]. In later sections, we include remarks to indicate how our
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results can be generalised to meromorphic functions with a logarithmic tract V .
These generalisations concern the sets
I(f, V ) = {z ∈ V ∩ I(f) : fn(z) ∈ V for all n ∈ N}
and
A′(f, V ) = {z ∈ V : there exists L ∈ N such that fn(z) ∈ V
and fn+L(z) ≥ MnV (R, f), for all n ∈ N},
where R is sufficiently large and MV (r, f) = maxz∈V,|z|=R |f(z)|. (We use the
notation A′(f, V ) in order to maintain consistency with [6] where A(f, V ) is used
to denote the union of the set A′(f, V ) together with all its pre-images.)
The following key property of functions in the class Blog was proved first by
Eremenko and Lyubich [10] for logarithmic transforms of functions in the class B.
It enabled them to prove that if f is in the class B then I(f) ⊂ J(f).
Lemma 2.1. Let F : T → H be a function in the class Blog with H ⊃ {w :
Rew > R}. Then, for each w ∈ T with ReF (w) > R,
|F ′(w)| ≥
1
4pi
(ReF (w)−R).
It follows from Lemma 2.1 that if F : T → H is in Blog then there exists
R0 > 0 such that
(2.1) |F ′(w)| ≥ 2 if w ∈ T and ReF (w) ≥ R0.
We say that a function F : T → H in the class Blog is normalised if H is the
right half-plane H = {w : Rew > 0} and (2.1) holds for all w ∈ T . We denote
the class of all such functions by Bnlog.
Note that we can pass from any function F ∈ Blog to a normalised one by
restricting F to T ′ = F−1({w : Rew > R0}), where R0 is as above, and applying
the change of variable ζ = w − R0. For this reason, it is usually no loss of
generality to assume that F ∈ Bnlog.
For any function F ∈ Blog, we define the escaping set of F to be
I(F ) = {w ∈ T : F n(w) ∈ T , for all n ∈ N, and ReF n(w)→∞ as n→∞}.
This is a subset of the Julia set of F defined by
J(F ) = {w ∈ T : F n(w) ∈ T , for all n ∈ N}.
We define the fast escaping set of F by
A(F ) = {w ∈ T : there exists L ∈ N such that F n(w) ∈ T
and ReF n+L(w) ≥Mn(R,F ), for all n ∈ N},
where
M(r, F ) = max
Rew=r
ReF (w),
and R is any value so large that M(r, F ) > r for r ≥ R. Note that M(r, F ) is an
increasing function of r by the maximum principle so, with this definition, A(F )
is independent of R.
Now suppose that f ∈ B and that F : exp−1({z : f(z) ∈ W}) → H is a
logarithmic transform of f . If z ∈ I(f), then there exists N ∈ N such that
fn(z) ∈ W , for n ≥ N , and so fN(z) ∈ exp I(F ). Similarly, if z ∈ A(f),
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then there exists N ∈ N such that fN(z) ∈ expA(F ). On the other hand, if w
lies in I(F ) or A(F ), then z = expw lies in I(f) or A(f). Also, if F ∈ Bnlog,
then exp J(F ) ⊂ J(f); this follows from (2.1) using the same argument as that
used by Eremenko and Lyubich in [10] to show that I(f) ⊂ J(f) if f ∈ B.
Similar statements are true if f is a transcendental meromorphic function with
a logarithmic tract V , and F ∈ Blog (respectively B
n
log) with domain exp
−1(V ) is
a logarithmic transform of f .
If w ∈ J(F ) then, for each n ≥ 0, F n(w) ∈ Tn for some tract Tn. We say that
s = T0T1T2 . . . is the (external) address (or itinerary) of w. The shift operator σ
acts on an external address as follows: if s = T0T1T2 . . ., then σ(s) = T1T2 . . ..
Note that if a point w has address s then F k(w) has address σk(s). We denote
the set of escaping points of F with the same address by
Is(F ) = {w ∈ I(F ) : w has address s}.
Similarly, we define
Js(F ) = {w : F
n(w) ∈ T , for all n ≥ 0, and w has address s}.
We now outline the key steps in the proof of Theorem 1.1, given in [19]. A key
concept in the proof of Theorem 1.1 is the idea of a linear head-start condition.
Definition 2.1. Let F ∈ Blog. Then F satisfies a linear head-start condition
with constants K > 1 and M > 0 if,
(1) for all tracts T , T ′ of F and all w, ζ ∈ T with F (w), F (ζ) ∈ T ′,
Rew > K(Re ζ)+ +M ⇒ ReF (w) > K(ReF (ζ))+ +M ;
(2) for each address s and each pair of distinct points w, ζ ∈ Js(F ), there
exists N ∈ N such that either
ReFN(w) > K(ReFN(ζ))+ +M or ReFN(ζ) > K(ReFN(w))+ +M.
Remark. We use t+ to denote max{t, 0}.
When F ∈ Blog satisfies this linear head-start condition, we can define a simple
ordering on points in Js(F ) – we say that w1 ≻ w2 if there exists N ∈ N such that
ReFN(w1) > K(ReF
N(w2))
++M . By using topological arguments, it is shown
in [19] that all the components of Js(F ) are curves for which the topological
ordering agrees with the ordering given by the linear head-start condition. The
following result is proved in [19, proof of Theorem 4.2].
Lemma 2.2. Let F ∈ Blog and suppose that F satisfies a linear head-start con-
dition. If w0 ∈ Is(F ), then there exists k0 ∈ N such that, for all k ≥ k0,
Γk = {w ∈ Iσk(s)(F ) : w  F
k(w0)} is a simple curve connecting F
k(w0) to ∞.
Also, ReF n(w)→∞ uniformly on Γk.
In [19, Proposition 5.4] it is shown that a function F ∈ Bnlog satisfies a linear
head-start condition, for some K > 1 and M > 0, whenever all the tracts of F
have uniformly bounded slope and uniformly bounded wiggling. These concepts
are defined as follows.
Definition 2.2. Let F ∈ Blog. A tract T of F has bounded slope with constants
α, β > 0 if
|Imw1 − Imw2| ≤ αmax{Rew1,Rew2, 0}+ β, for all w1, w2 ∈ T.
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If all the tracts of F have bounded slope for these constants, then we say that
the tracts have uniformly bounded slope and F ∈ Blog(α, β). If F is normalised
then we say that F ∈ Bnlog(α, β).
Definition 2.3. Let F ∈ Blog. A tract T of F has bounded wiggling with con-
stants K ′ > 1 and µ > 0 if, for each point w0 ∈ T , every point w on the
hyperbolic geodesic of T that connects w0 to ∞ satisfies
(Rew)+ >
1
K ′
Rew0 − µ.
If all the tracts of F have bounded wiggling for these constants, then we say that
the tracts have uniformly bounded wiggling.
It is shown in [19, Theorem 5.6] that if F is a function of finite order in
the class Bnlog then the tracts of F have uniformly bounded slope and uniformly
bounded wiggling, and so F satisfies a linear head-start condition. It is fur-
ther shown in [19, Lemma 5.7] that any finite composition of functions in Bnlog
whose tracts have uniformly bounded slope and uniformly bounded wiggling also
satisfies a linear head-start condition.
A function F ∈ Blog is said to have finite order if
lnReF (w) = O(Rew) as Rew →∞ in T .
So, if f ∈ B has finite order and F is a logarithmic transform of f , then F also has
finite order. Thus, for each function f satisfying the hypotheses of Theorem 1.1,
there is a logarithmic transform F of f satisfying a linear head-start condition.
Now suppose that f is any function in the class B such that a logarithmic
transform F of f satisfies a linear head-start condition. Recall that if z0 ∈ I(f)
then there exists N ∈ N such that fN(z0) ∈ exp I(F ). So, by Lemma 2.2, there
exists k ∈ N such that fN+k(z0) is connected to ∞ by a curve exp Γ in I(f) on
which fn(z)→∞ uniformly. Thus z0 is connected to ∞ by a curve γ in I(f) on
which fn(z) → ∞ uniformly. This proves Theorem 1.1. Further, it shows that
the conclusions of Theorem 1.1 hold whenever f is a function in the class B for
which a logarithmic transform of f satisfies a linear head-start condition.
We end this section with two results about the class Bnlog that will be useful
in the proof of Theorem 1.2. Note that both of these results use the fact that,
for a function F ∈ Bnlog, if w belongs to a tract of F , then ReF (w) > 0. They
also both include a condition to the effect that there exist α, β > 0 such that, if
T is a tract of F and w, ζ ∈ T then
|ImF (w)− ImF (ζ)| ≤ αmax{ReF (w),ReF (ζ)}+ β.
Note that this condition is automatically satisfied if F (w) and F (ζ) both lie in
a tract with bounded slope with constants α, β > 0.
The first result is part of [19, Lemma 5.2].
Lemma 2.3. Let F ∈ Bnlog and let α, β > 0. Let T be a tract of F and suppose
that w, ζ ∈ T satisfy
ReF (w) ≥ ReF (ζ) and |ImF (w)− ImF (ζ)| ≤ αReF (w) + β.
(a) There exists δ = δ(α, β) so large that, if |w − ζ | ≥ δ, then
ReF (w) > exp( 1
16pi
|w − ζ |)ReF (ζ).
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(b) If K ≥ 1, then there exists ∆ = ∆(α, β,K) so large that, if w, ζ ∈ J(F )
have the same address and |w − ζ | ≥ ∆, then, for all n ∈ N,
ReF n(w) > KReF n(ζ) + |w − ζ | or ReF n(ζ) > KReF n(w) + |w − ζ |.
The next result follows from [19, Proposition 5.4, proof that (b) implies (c)].
Lemma 2.4. Let F ∈ Bnlog, let T be a tract of F with bounded wiggling, with
constants K ′ > 1 and µ > 0, let K > 1, let α, β > 0 and let δ(α, β) be the
constant given in Lemma 2.3. There exists a constant M > δ(α, β) depending
only on the constants K ′, µ, α, β,K such that, if w, ζ ∈ T with
Rew > K(Re ζ)+ +M
and
|ImF (w)− ImF (ζ)| ≤ αmax{ReF (w),ReF (ζ)}+ β,
then
ReF (w) > KReF (ζ) +M.
3. Proof of Theorem 1.2
We deduce Theorem 1.2 from a result concerning functions in the class Bnlog.
Here we define a Devaney hair of a function F ∈ Blog to be a simple curve
Γ : [0,∞)→ J(F ) such that Γ((0,∞)) ⊂ I(F ) and
(a) for each t > 0, ReF n →∞ as n→∞ uniformly on Γ([t,∞));
(b) for each n ∈ N, F n(Γ) is a simple curve connecting F n(Γ(0)) to ∞.
Parts (a) and (b) of the following theorem follow from the results in [19] that
we described in Section 2; we include them here for completeness.
Theorem 3.1. Let F be a finite composition of functions of finite order in the
class Bnlog and let w
′
0 ∈ I(F ). Then there exists k ∈ N such that w0 = F
k(w′0)
can be connected to ∞ by a curve Γ ⊂ I(F ) such that
(a) ReF n →∞ as n→∞ uniformly on Γ,
(b) Γ is a Devaney hair of F ,
(c) Γ \ {w0} ⊂ A(F ).
We begin by proving the following lemma.
Lemma 3.2. Let F ∈ Bnlog, let K > 1 and let α, β > 0. Let T be a tract of F
with bounded wiggling, with constants K ′ > 1 and µ > 0, and let M > 0 be the
constant given by Lemma 2.4. There exists a constant ε > 0, depending only on
K, such that, if w, ζ ∈ T ,
(3.1) Rew > K(Re ζ)+ +M
and
(3.2) |ImF (w)− ImF (ζ)| ≤ αmax{ReF (w),ReF (ζ)}+ β,
then
ReF (w) > exp(εRew)ReF (ζ).
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Proof. By (3.1), we have
(3.3) |w − ζ | ≥ Rew − Re ζ ≥ (1− 1/K)Rew.
By Lemma 2.4, we have ReF (w) > ReF (ζ). So, since M > δ(α, β) and, by
(3.1), |w − ζ | > M , it follows from Lemma 2.3(a) and (3.3) that
(3.4) ReF (w) > exp( 1
16pi
|w − ζ |)ReF (ζ) ≥ exp( 1
16pi
(1− 1/K)Rew)ReF (ζ).
The result now follows on taking ε = 1
16pi
(1− 1/K). 
The next result follows from Lemma 3.2.
Corollary 3.3. Let F be a finite composition of functions Fi, 1 ≤ i ≤ p, in the
class Bnlog such that the tracts of Fi, 1 ≤ i ≤ p, have uniformly bounded slope
and uniformly bounded wiggling. Let w′0 ∈ I(F ). Then there exist ε > 0 and
k,N0 ∈ N such that w0 = F
k(w′0) can be connected to ∞ by a curve Γ ⊂ I(F )
and, for all w1 ∈ Γ \ {w0},
ReF n+m(w1) > ω
pn(ReFm(w0)), for n ∈ N, m ≥ N0,
where ω(t) = exp(εt).
Proof. Let w′0 ∈ I(F ) and let s denote the address of w
′
0 with respect to the
function F . Since the tracts of Fi, 1 ≤ i ≤ p, have uniformly bounded slope and
uniformly bounded wiggling, F satisfies a linear head-start condition, as noted
in Section 2. By Lemma 2.2, for all large k the set Γ = {w ∈ Iσk(s)(F ) : w 
F k(w′0)} is a simple curve connecting F
k(w′0) to∞ within a single tract of F , on
which ReF n(w)→∞ uniformly. We assume k to be so large that
F n(Γ) ⊂ {w : Rew > C}, for n ≥ k,
where
C = max{ReFp ◦ · · · ◦ Fi(w) : Rew = 0, 1 ≤ i ≤ p}.
It follows that, for each n ≥ k and 1 ≤ i ≤ p, the curve
(3.5) Fi ◦ · · ·F1 ◦ F
n(Γ)
lies entirely in a single tract of the function Fi+1. (Here, we take Fp+1 = F1.)
We now let w0 = F
k(w′0) and let w1 ∈ Γ \ {w0} so that w1 ≻ w0. Thus
w0, w1 ∈ I(F ). By hypothesis, there exist α, β > 0, K
′ > 1 and µ > 0 such
that the tracts of Fi, 1 ≤ i ≤ p, have bounded slope, with constants α, β, and
bounded wiggling, with constants K ′, µ. Further, the tracts of F have bounded
slope with constants α, β.
Since w1 ≻ w0 with respect to a linear head-start condition for F , there exist
K > 1, M1 > 0, N ∈ N such that
(3.6) ReF n(w1) > KReF
n(w0) +M1, for n ≥ N.
Now let M be the constant given by Lemma 2.4 and ∆ be the constant
given by Lemma 2.3(b). It follows from (3.6) and the fact that w0 ∈ I(F )
that there exists N0 ≥ N + 1 such that ReF
N0−1(w1) ≥ ReF
N0−1(w0) and also
|FN0−1(w1) − F
N0−1(w0)| ≥ max{∆,M}. Since F ∈ B
n
log(α, β), it follows from
Lemma 2.3(b) that
(3.7) ReFN0(w1) > KReF
N0(w0) +M.
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Further, since w0 ∈ I(F ), we may assume that N0 was chosen sufficiently large
to ensure that
(3.8) ReFm(w0) > 1, for m ≥ N0.
Then, since Fi ∈ B
n
log(α, β), for 1 ≤ i ≤ p, it follows from (3.5) that we can start
from (3.7) and apply Lemma 2.4 repeatedly to deduce that
(3.9) ReFi ◦ · · · ◦ F1 ◦ F
n+m(w1) > KReFi ◦ · · · ◦ F1 ◦ F
n+m(w0) +M,
for n ∈ N, m ≥ N0 and 1 ≤ i ≤ p. Finally, we apply Lemma 3.2 repeatedly with
w = Fi ◦ · · · ◦ F1 ◦ F
n+m(w1) and ζ = Fi ◦ · · · ◦ F1 ◦ F
n+m(w0),
for n ∈ N and 1 ≤ i ≤ p. In view of (3.8), this shows that there exists ε > 0
such that, if n ∈ N and m ≥ N0, then
ReF n+m(w1) > ω
pn(ReFm(w0)),
where ω(t) = exp(εt). 
We now show how Theorem 3.1 follows from Corollary 3.3.
Proof of Theorem 3.1. Let F be a finite composition of functions Fi, 1 ≤ i ≤ p,
of finite order in the class Bnlog. Then, as noted in Section 2, the tracts of Fi
have uniformly bounded slope and uniformly bounded wiggling, and so we can
apply Corollary 3.3. Now let w1 ∈ Γ \ {w0}, where Γ and w0 are as described
in Corollary 3.3. In order to prove Theorem 3.1, it is sufficient to show that
w1 ∈ A(F ).
We begin by noting that, since each function Fi, 1 ≤ i ≤ p, has finite order,
there exist δ > 0 and r0 > 0, such that
r < M(r, Fi) ≤ exp(δr), for r ≥ r0, 1 ≤ i ≤ p.
So, for n ∈ N,
(3.10) Mn(r, F ) ≤ Ωnp(r), for r ≥ r0,
where Ω(r) = exp(δr).
The next lemma compares the iterative behaviours of the functions ω and Ω.
Lemma 3.4. Let ω(r) = exp(εr) and Ω(r) = exp(δr), where δ > ε > 0. Then,
for each r > 0, there exists R > 0 such that
ωn(R) ≥ Ωn(r), for n ∈ N.
Proof. Put s = 2δ/ε and take R ≥ max{sr, 2
ε
ln s} so large that ω(t) ≥ t, for
t ≥ R. Then, since s > 1, it is sufficient to show that
(3.11) Ωn(r) ≤ 1
s
ωn(R), for n ∈ N.
The inequality (3.11) follows by induction: it clearly holds for n = 1 and if it
holds for n = k, then
Ωk+1(r) ≤ Ω(1
s
ωk(R)) < exp
(
εωk(R) + ln 1
s
)
= 1
s
ωk+1(R),
as required. 
ARE DEVANEY HAIRS FAST ESCAPING? 11
Now, choose r so large that r > minw∈J(F )Rew and r ≥ r0, and let R be
given by Lemma 3.4 and N0 be given by Corollary 3.3. Then take m ≥ N0 such
that Re fm(w0) ≥ R. It follows from Corollary 3.3, Lemma 3.4 and (3.10) that,
for n ∈ N,
ReF n+m(w1) > ω
pn(R) ≥ Ωpn(r) ≥Mn(r, F ).
Thus w1 ∈ A(F ), as required. 
Proof of Theorem 1.2. Theorem 1.2 follows from Theorem 3.1 since the logarith-
mic transform of a function of finite order in the class B is a function of finite
order in the class Blog. Further, if z0 ∈ I(f), and F is a logarithmic transform
of f , then there exists N ∈ N such that fN(z0) = exp(w
′
0), for some w
′
0 ∈ I(F ).
Thus z0 can be connected to ∞ by a simple curve γ ⊂ I(f) which is a pullback
under fN+k of exp Γ, where Γ is as in Theorem 3.1. The result now follows from
the fact that expA(F ) ⊂ A(f) and from the complete invariance of A(f). 
Remark. Similarly, Theorem 3.1 can be used to show that, if f is an entire
function of finite order with a logarithmic tract V and z0 ∈ I(f, V ), then z0 can
be connected to ∞ by a curve γ ⊂ I(f, V ) such that γ \ {z0} ⊂ A(f).
4. Proof of Theorem 1.3 and examples
We begin this section by proving Theorem 1.3.
Proof. It follows from [19, Theorem 5.10] that each component of J(g) is a curve
to ∞ homeomorphic to [0,∞), all points of which lie in I(g) except possibly the
endpoint. (Note that this result was first proved by Baran´ski [1, Theorem C] for
the case that g has finite order.)
By a result of Bergweiler [4], we have
pi−1(J(g)) = J(f).
Since 0 ∈ F (g), the set J(f) also consists of a family of disjoint curves homeo-
morphic to [0,∞), each component γ of J(g) corresponding to a countable family
of disjoint congruent curves in J(f) homeomorphic to [0,∞), say γn, n ∈ Z. This
proves part (a).
Clearly each point of I(f) ∩ J(f) lies in some component γn of J(f) corre-
sponding to a component γ of J(g). On the other hand, for such a component γ
of J(g) all points, except possibly the endpoint, lie in I(g) by [19, Theorem 5.10]
and hence in A(g), by Theorem 1.2. Bergweiler and Hinkkanen [5, Theorem 5]
proved that
pi−1(A(g)) ⊂ A(f),
so all points, except possibly the endpoints, of the corresponding curves γn,
n ∈ Z, lie in A(f) and hence lie in I(f) ∩ J(f). Since some of the endpoints
of these components of J(f) do not lie in I(f), because J(f) must include the
repelling periodic cycles of f , the proof of part (b) is complete. 
Theorem 1.3 can be applied to all functions of the form
f(z) = z + λ+ e−z, where Reλ > 0,
by taking pi(z) = e−z and g(w) = e−λwe−w. Then g is a transcendental entire
function of order 1 which is a self map of C∗ and it has an attracting fixed point
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at 0. In this case sing(g−1) consists of the asymptotic value 0 and the critical
value e−1−λ. To see that this critical value must lie in the immediate basin of 0,
we observe that if it does not, then the branch of g−1 which maps 0 to 0 can be
analytically continued to the whole of the basin, as in [7, proof of Theorem 2.2],
which is impossible.
Theorem 1.3 can also be applied to some functions of the form
f(z) = mz + λ+ e−z, where m ∈ N, m ≥ 2, λ ∈ C,
by taking pi(z) = e−z and g(w) = e−λwme−w. Then g is a transcendental entire
function of order 1 which is a self map of C∗ and it has a super-attracting fixed
point at 0. In this case sing(g−1) consists of the critical and asymptotic value 0,
and the critical value mme−m−λ. The values of λ for which this latter critical
value is contained in the immediate basin of 0 depend on m. For example, if
λ = 0, then it is easy to check graphically that mme−m lies in the immediate
basin of 0 for m = 2 and m = 3, but it lies in a different component of F (g) for
m = 4. The set of λ for which Theorem 3 can be applied in this case includes
the half-plane
{λ : Reλ > 1 +m(lnm− 1)},
since for these values of λ we have mme−m−λ ∈ {w : |w| < 1/e} ⊂ F (g), and
includes the half-line
{λ ∈ R : λ > (m− 1)(ln(m− 1)− 1)},
since for these values of λ we have 0 < g(u) < u, for u > 0.
5. Fast escaping curves for functions of infinite order
Let f be a function in the class B and let F denote a logarithmic transform
of f in the class Bnlog. As described in Section 2, it was shown in [19] that the
conclusion of Theorem 1.1 holds whenever F satisfies a linear head-start condition
and that such a condition is satisfied whenever the tracts of F have uniformly
bounded slope and uniformly bounded wiggling. In particular, F satisfies such
a condition if f has finite order.
There are, however, many functions of infinite order in the class B for which
the tracts of F have uniformly bounded slope and uniformly bounded wiggling;
for example, the functions studied in [21] and [22] are of this type. It is natural to
ask whether the conclusion of Theorem 1.2 also holds for such functions. In this
section we show that this is the case provided that the tracts of F satisfy a further
geometric condition (which holds for the functions studied in [21] and [22]). In
the next section we give an example which shows that it is necessary to impose
an extra condition of this type.
We first introduce some notation. Let F ∈ Blog and let T be a tract of F . If
ζ ∈ T and a > Re ζ , then Lζ,a denotes the unique component of {w : Rew =
a} ∩ T that separates ζ from ∞ (in T ) and that can be joined to ζ by a path
lying, apart from its endpoints, in {w : Rew < a} ∩ T . Note that Lζ,a is a cross
cut of T and ζ lies in the closure of the bounded component of T \ Lζ,a.
We now introduce the notion of a gulf of a tract of F – the terminology is
motivated by the definition of a gulf of a tract of f given in [10].
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Definition 5.1. Let F ∈ Bnlog, let T be a tract of F and let p denote the point
in ∂T for which F (p) = 0.
(a) Let ζ ∈ T . We say that ζ belongs to a gulf of T if there exists a >
max{Re ζ,Rep} such that Lζ,a does not separate p from ∞.
(b) The tract T has bounded gulfs with constant C > 1 if
Lζ,a separates p from ∞,
for all ζ ∈ T, a > 0, with Re ζ ≥ max{Re p, 1} and a ≥ CRe ζ .
If all the tracts of F have bounded gulfs for the constant C, then we say that
the tracts have uniformly bounded gulfs.
Parts (a) and (b) of the following theorem follow from the results in [19] that
we described in Section 2; we include them here for completeness.
Theorem 5.1. Let F ∈ Bnlog. Suppose that all the tracts of F are translates
of each other by 2npii, n ∈ Z, and have bounded slope, bounded wiggling and
bounded gulfs. If w′0 ∈ I(F ), then there exists k ∈ N such that w0 = F
k(w′0) can
be connected to ∞ by a curve Γ ⊂ I(F ) such that
(a) ReF n →∞ as n→∞ uniformly on Γ,
(b) Γ is a Devaney hair of F ,
(c) Γ \ {w0} ⊂ A(F ).
Remarks. 1. The example in the next section shows that Theorem 5.1 is not
true if the tracts do not have bounded gulfs.
2. It follows from Theorem 5.1 that, if f is a meromorphic function with a
logarithmic tract V , such that a logarithmic transform F ∈ Bnlog of f has tracts of
bounded slope, bounded wiggling and bounded gulfs, and z0 ∈ I(f, V ), then z0
can be connected to ∞ by a curve γ ⊂ I(f, V ) such that γ \ {z0} ⊂ A
′(f, V ).
3. The result in Remark 2 implies that if f ∈ B, f has exactly one tract
and z0 ∈ I(f), then z0 can be connected to ∞ by a curve γ ⊂ I(f) such that
γ \ {z0} ⊂ A(f). If f has more than one tract, then an analogous result holds
but the conclusion has to be phrased in terms of points that tend to infinity as
fast as possible with respect to a particular sequence of tracts of f . Note that
such points may not belong to A(f); see [6, end of Section 4]. It is also possible
to obtain results concerning points which tend to infinity as fast as possible with
respect to a given address – we hope to return to this idea in future work.
In order to prove Theorem 5.1, we begin by proving two preliminary results.
The first concerns functions with bounded gulfs and bounded wiggling.
Lemma 5.2. Let F ∈ Bnlog, let T be a tract of F and let p denote the point in ∂T
for which F (p) = 0. Suppose that T has bounded gulfs with constant C > 1 and
bounded wiggling with constants K ′ > 1 and µ > 0. There is a constant D > 1
depending on C,K ′ and µ such that if A > max{Re p, 1} and a ≥ DA, then
(a) Lζ,a = Lp,a whenever ζ ∈ T and Re ζ = A,
(b) maxw∈Lp,a ReF (w) ≥ maxw∈T,Rew=AReF (w).
Proof. Suppose that a > 2K ′max{C, µ}A and put a′ = a/(2K ′). To prove
part (a), we assume (for a contradiction) that ζ ∈ T and Re ζ = A, and Lζ,a 6=
Lp,a. Since T has bounded gulfs with constant C,
(5.1) Lζ,a′ separates p from ∞
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and hence
(5.2) Lζ,a separates p from ∞.
Let Tp,a denote the bounded component of T \ Lp,a and Up,a denote its un-
bounded component. Since Lζ,a 6= Lp,a, the cross cut Lζ,a must belong to either
Tp,a or Up,a.
If Lζ,a ⊂ Tp,a, then by (5.2) any curve from p to Lp,a must cross Lζ,a, contrary
to the definition of Lp,a. Thus
Lζ,a ⊂ Up,a.
This implies that
(5.3) ζ ∈ Up,a
for otherwise any curve from ζ to Lζ,a must cross Lp,a, contrary to the definition
of Lζ,a. It follows from (5.3) that
(5.4) Lζ,a′ ⊂ Up,a,
for otherwise any curve from Lζ,a′ to ζ must cross Lp,a and so contain points w
such that Rew = a > a′, contrary to the definition of Lζ,a.
It follows from (5.1) and (5.4) that any geodesic from Lp,a to∞ passes through
Lζ,a′ , so by bounded wiggling we have
a′ >
a
K ′
− µ; that is,
a
2K ′
< µ,
which contradicts our choice of a. Hence Lp,a = Lζ,a.
To prove part (b), let ζ denote a point in {w : Rew = A} ∩ T for which
ReF (ζ) = maxw∈T,Rew=AReF (w). Once again let Tp,a denote the bounded
component of T \ Lp,a. Note that the boundary of Tp,a consists of Lp,a together
with part of the boundary of T . Since ReF (w) = 0 for w ∈ ∂T , and ReF (w) > 0
for w ∈ T , it follows that
(5.5) max
w∈∂Tp,a
ReF (w) = max
w∈Lp,a
ReF (w).
By the maximum principle,
(5.6) max
w∈∂Tp,a
ReF (w) = max
w∈Tp,a
ReF (w).
By part (a) and the definition of Lζ,a we have ζ ∈ Tp,a and so, by (5.5) and (5.6),
max
w∈Lp,a
ReF (w) ≥ ReF (ζ) = max
w∈T,Rew=A
ReF (w)
as required. 
The second preliminary result is based on Ahlfors’ distortion theorem.
Lemma 5.3. Let F ∈ Bnlog, let T be a tract of F and let p denote the point in
∂T for which F (p) = 0. If a > Re p and b > a+ 4pi then
(5.7)
|F (wb)|
|F (wa)|
≥ exp(1
2
(b− a)− 4pi), for wb ∈ Lp,b, wa ∈ Lp,a.
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Proof. For t > Re p, let l(t) denote the length of Lp,t. Then 0 < l(t) ≤ 2pi. Now
let g(w) = logF (w). Since g maps T univalently onto the strip S = {ξ : |Im ξ| <
pi/2}, we can apply Ahlfors’ distortion theorem to g. The version of this result
in [14, page 97] states that, if
b > a > Re p and
∫ b
a
dt
l(t)
> 2,
then, for wb ∈ Lp,b and wa ∈ Lp,a,
Re g(wb)− Re g(wa) ≥ pi
∫ b
a
dt
l(t)
− 4pi >
1
2
(b− a)− 4pi.
and so, by the definition of g,
ln |F (wb)| − ln |F (wa)| >
1
2
(b− a)− 4pi.
Since 0 < l(t) ≤ 2pi, we have∫ b
a
dt
l(t)
≥
b− a
2pi
> 2 if b− a > 4pi,
and so the result holds if b > a+ 4pi. 
We are now in a position to prove Theorem 5.1.
Proof of Theorem 5.1. Let F be a function satisfying the conditions of Theo-
rem 5.1, let w′0 ∈ I(F ) and let s denote the address of w
′
0. Since the tracts
of F have bounded slope and bounded wiggling, F satisfies a linear head-start
condition, as noted in Section 2. Hence, by Lemma 2.2, there exists k ∈ N such
that Γ = {w ∈ Iσk(s)(F ) : w  F
k(w′0)} is a simple curve in I(F ) connecting
F k(w′0) to ∞. We let w0 = F
k(w′0) and let w1 denote a point in Γ with w1 ≻ w0.
In order to prove Theorem 5.1, it is sufficient to show that w1 ∈ A(F ).
The following result is the main step in the proof of Theorem 5.1.
Lemma 5.4. Let w1 be as described above. There exist N1 ∈ N and ε ∈ (0, 1)
such that, for all n ≥ N1,
ReF n+1(w1) >
1
ε
M(εReF n(w1), F ).
Proof. Recall that the tracts of F have bounded slope with constants α, β > 0,
bounded wiggling with constants K ′ > 1 and µ > 0, and bounded gulfs with
constant C > 1. Also, the tracts of F are translates of each other by 2npii,
n ∈ Z, and so, for each tract T ,
max
w∈T,Rew=r
ReF (w) = M(r, F ).
Let Tn denote the tract of F containing F
n(w1) and let pn denote the point in
∂Tn for which F (pn) = 0. Note that all the points pn are vertical translates of
each other. We begin by applying Lemma 5.3 to the tract Tn with
an =
1
4K ′
ReF n(w1) and bn =
1
2K ′
ReF n(w1).
Since w1 ∈ I(F ), the hypotheses of Lemma 5.3 are satisfied provided that n
is sufficiently large. We now take wbn ∈ Lpn,bn and wan ∈ Lpn,an to be points on
the unbounded curve F n(Γ). To see that this is possible, note that F n(w0) is
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also on the curve F n(Γ) and, by Lemma 5.2, LFn(w0),an = Lpn,an for large n ∈ N.
(The hypotheses of Lemma 5.2 are satisfied for large n ∈ N since w0 ∈ I(F ), the
tracts of F have bounded slope and w1 ≻ w0 with respect to a linear head-start
condition for F so that, for n sufficiently large, we can apply Lemma 2.3(a) to
F n(w1) and F
n(w0) to deduce that
an
ReF n(w0)
=
ReF n(w1)
4K ′ReF n(w0)
→∞ as n→∞.)
Since w0 ∈ I(F ) and wan , wbn ≻ F
n(w0), it follows from Lemma 5.3 that, if n is
sufficiently large, then
(5.8)
|F (wbn)|
|F (wan)|
≥ exp(1
2
(bn − an)− 4pi).
Now take c = (4(α+ 2))−1. It follows from (5.8) and the fact that
bn − an =
1
4K ′
ReF n(w1)→∞ as n→∞
that, for large n,
(5.9) |F (wbn)| > (1/c)|F (wan)|.
Since all points on the curve F n(Γ) have the same address, F (wbn) and F (wan)
both belong to the same tract of F , which has bounded slope with constants α
and β. Thus, by Definition 2.2,
(5.10) |ImF (wbn)− ImF (wan)| ≤ αmax{ReF (wan),ReF (wbn)}+ β.
We deduce that, for large n,
(5.11) ReF (wbn) > c|F (wbn)|.
Otherwise, by (5.9) and (5.10), we have, for large n,
|F (wbn)| ≤ ReF (wbn) + |ImF (wbn)|
≤ ReF (wbn) + |ImF (wan)|+ αmax{ReF (wan),ReF (wbn)}+ β
≤ (α + 2)max{|F (wan)|,ReF (wbn)}+ β
≤ 2(α+ 2)c|F (wbn)| =
1
2
|F (wbn)|,
which is a contradiction.
Now letD be the constant from Lemma 5.2. Since w1 ∈ I(F ), for n sufficiently
large we have an/D > max{Re pn, 1} and so, by Lemma 5.2, there exists w
′
an
∈
Lpn,an such that
ReF (w′an) ≥M(an/D, F ).
We now apply Lemma 5.3 again but this time we replace wan by the point w
′
an
.
Since an → ∞ and hence |F (w
′
an
)| → ∞ as n → ∞, it follows from Lemma 5.3
that, if n is sufficiently large, then
|F (wbn)|
M(an/D, F )
≥
|F (wbn)|
|F (w′an)|
≥ exp(1
2
(bn − an)− 4pi).
Together with (5.11) this implies that, if n is sufficiently large, then
(5.12)
ReF (wbn)
M(an/D, F )
> c exp(1
2
(bn − an)− 4pi) > exp(
1
4
(bn − an)).
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Note that, for large n, the part of F n(Γ) that connects F n(w0) to F
n(w1) must
intersect Lpn,bn – otherwise F
n(w1) lies in the bounded component of T \ Lp,bn
and so the geodesic joining F n(w1) to ∞ in the tract T must contain a point w
with Rew = bn =
1
2K ′
ReF n(w1). This, however, is impossible for large n since
w1 ∈ I(F ) and T has bounded wiggling with constants K
′ and µ.
Thus, for large n, we can choose wbn ∈ Lpn,bn ∩ F
n(Γ) such that F n(w1) is in
the tail of F n(Γ) from wbn to ∞. So, if K > 1 and M > 0 are chosen so that F
satisfies a linear head-start condition for K and M , then, for large n,
ReF (wbn) ≤ KReF
n+1(w1) +M
and hence
(5.13) ReF n+1(w1) ≥
1
K
ReF (wbn)−
M
K
≥
1
2K
ReF (wbn).
It follows from (5.12) and (5.13) that, for n sufficiently large,
ReF n+1(w1) >
1
2K
exp(1
4
(bn − an))M(an/D, F )
=
1
2K
exp(1
4
(bn − an))M(
1
4DK ′
ReF n(w1), F ).
The result now follows on taking ε = 1
4DK ′
, since
bn − an =
1
4K ′
ReF n(w1)→∞ as n→∞.

Finally, we show that the conclusion of Theorem 5.1 follows easily from
Lemma 5.4. We first choose N1 ∈ N and ε ∈ (0, 1) to satisfy Lemma 5.4.
We then choose r1 > 0 and N2 ≥ N1 such that
(5.14) M(r, F ) > r for r ≥ r1 and ReF
N2(w1) >
1
ε
r1.
Arguing by induction, it follows from (5.14) and Lemma 5.4 that
ReF n+N2(w1) >
1
ε
Mn(r1, F ) > M
n(r1, F ), for all n ∈ N,
and so w1 ∈ A(F ) as required. 
6. Slow Devaney hairs
In this section we define a function F ∈ Bnlog such that F has a Devaney hair
that is disjoint from A(F ). All the tracts of F are translates of each other by
2npii, for some n ∈ Z, and have bounded slope and bounded wiggling. This
shows that an additional assumption, such as bounded gulfs, is indeed necessary
in Theorem 5.1. We also construct a transcendental entire function which has a
logarithmic transform with these properties.
The function F is 2pii-periodic and the domain of F consists of a tract T ⊂
{z ∈ H : Im z ∈ (−pi, pi)} and all 2piiZ-translates of T . Thus it is sufficient to
specify the domain T and a conformal isomorphism F : T → H.
The tract T is determined by an increasing sequence (rk)k≥0 of real numbers
with rk > rk−1 + 1 and r0 > 1, and a second sequence (εk)k≥0 of positive real
numbers, as illustrated in Figure 1.
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ε1
1/2
u0
w0 w1
u1
F (u1) F
2(u1)
u2
w2
r0 r0 + 1 r1 r1 + 1
ε0
Figure 1. Construction of the tract T .
To be precise, T consists of all points u + iv, where u > 1/2 and |v| < pi,
subject to the following restrictions for all k ≥ 0. (We also use the convention
that r−1 = −∞.)
(1) If rk−1 + 1 < u < rk, then |v| 6= pi/3.
(2) If u = rk, then |v| > pi/3 or |v| < εk.
(3) If rk < u < rk + 1, then there are no restrictions on v.
(4) If u = rk + 1, then |v| < pi/3.
Remark. The boundary of T is not a Jordan curve, and hence formally speaking
the 2pii-periodic extension of a conformal isomorphism F : T → H to T =
T +2piiZ does not belong to Bnlog. However, it will be clear from the construction
that this defect is easily remedied by restricting F to the set F−1({w : Rew > ε}),
for some 0 < ε < 1/2.
Note that T is symmetric about the real axis and has bounded slope and
bounded wiggling. We choose F : T → H to be the unique conformal iso-
morphism with F (1) = 1 and F (∞) = ∞. Note that F maps the interval
[1,∞) to itself, that 1 is the unique real fixed point of F , and that this fixed
point is repelling. (To see this, apply the Schwarz lemma to the inverse branch
F−1 : H→ T .) It follows that F (u) > u and u ∈ I(F ) for all u > 1; in particular,
[1,∞) is a Devaney hair of F .
In addition to the sequences (rk)k≥0 and (εk)k≥0, the definition of T also
involves sequences (uk)k≥0 and (wk)k≥0, where uk ∈ R and wk = uk + 2pii/3. It
is not difficult to show that it is possible to choose these sequences in such a way
that, for each k ≥ 0,
(a) uk, F (uk) ∈ (rk−1 + 2, rk − 1);
(b) uk+1 > F
2(uk);
(c) ReF (wk) > uk+1.
(We give the details in Proposition 6.3 below.) These properties imply that
(1,∞) ⊂ I(F ) \A(F ), as we now show.
Lemma 6.1. Let F : T → H belong to the class Bnlog. Suppose that a tract T
of F contains an interval [a0,∞) of the real axis, and that F is real; that is, T
is symmetric with respect to the real axis and F (z) = F (z).
Assume that there are sequences uk ∈ R and wk ∈ T , with uk → ∞ and
uk = Rewk, that satisfy properties (b) and (c) above. Then R ∩ A(F ) = ∅.
Further, there exists a ∈ R such that [a,∞) is a Devaney hair. Thus F has a
Devaney hair that is disjoint from A(F ).
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Proof. We first show that R ∩ A(F ) = ∅. Since, for k ≥ 0, we have
ReF (wk) > uk+1 = Rewk+1,
we must have
(6.1) Mn(u0, F ) > un, for n ∈ N.
On the other hand, it follows from (b) that, for k, j ≥ 0,
(6.2) F 2j(uk) < uk+j.
Now, let u ∈ R and let k denote the smallest integer for which uk > u. Let
L ∈ N and set n = L+ 2k. Then, by (6.1) and (6.2),
F n+L(u) = F 2L+2k(u) < F 2L+2k(uk) < uL+2k = un < M
n(u0, F ).
It follows that u does not belong to A(F ), as claimed.
We conclude the proof by noting that it follows from Lemma 5.3 that there
exists a > 0 such that [a,∞) ∈ I(F ). Further, F n(w)→∞ uniformly on [a,∞)
and F n([a,∞)) is a simple curve connecting F n(a) to ∞. Hence [a,∞) is a
Devaney hair that does not intersect A(F ). 
We now use Arakelian’s theorem to prove that there exists a transcendental
entire function such that a logarithmic transform of this function satisfies the
hypotheses of Lemma 6.1. It seems likely that such a function can also be
constructed to lie in the class B, by using a similar argument to that in [19,
Section 7], but we will not show this here.
Theorem 6.2. There exists a transcendental entire function h with a logarithmic
tract V such that V contains a Devaney hair of h which does not meet A′(h, V ).
Proof. Let the tract T and the function F : T → H be as described before
Lemma 6.1, where the sequences (rk), (εk), (uk) and (wk) are chosen in such a
way that
(a′) uk, F (uk) ∈ (rk−1 + 2, rk − 1− k);
(b′) uk+1 > F (rk − 1) + k;
(c′) ReF (wk) > uk+1 + k.
(Again, we show that this is possible in Proposition 6.3.)
Let f˜ : exp T → {z : |z| > 1} be defined by f˜(expw) = expF (w), and let f
be the restriction of f˜ to
A = f˜−1({z : |z| ≥ 5/4}) = expF−1({w : Rew ≥ ln(5/4)}).
Now, the complement of A is connected and locally connected at ∞. Thus,
by Arakelian’s theorem [12, page 142], there is an entire function h : C→ C such
that |f(z)− h(z)| < 1/4, for all z ∈ A. Since f is real, we may also assume that
h is real (otherwise, consider the map (h(z) + h(z))/2 instead).
Let V be the component of h−1({z : |z| > 3/2}) that is contained in A and
contains some infinite piece of the positive real axis. Since A contains no zeros
of h, the set V is simply connected by the minimum principle. Let T˜ be the
component of exp−1(V ) contained in T . There is a holomorphic map
H : T˜ → {w : Rew > ln(3/2)}
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with exp ◦H = h ◦ exp. By our choice of h, we have
(6.3) |H(w)− F (w)| < 1/4, for all w ∈ T˜ .
Note that H is a proper map: indeed, ReH(w)→ ln(3/2) as w → ∂T˜ , while
(6.3) implies that H(w) → ∞ as w → ∞. So H has a well-defined degree, and
it is easy to see that this degree is one. Indeed, if γ is a simple closed loop in
T˜ , sufficiently close to the boundary, then it follows from (6.3) that H(γ) winds
exactly once around the point 1.
So H is a conformal isomorphism, and in particular V is a logarithmic tract
of h. We denote the 2pii-periodic extension of H also by H . Then H ∈ Blog is a
logarithmic transform of h, which is not normalised. By (6.3), and properties (a′),
(b′) and (c′), the map H satisfies properties (b) and (c), for sufficiently large k.
Thus, by Lemma 6.1, H has a Devaney hair [a,∞) ⊂ R that does not intersect
A(H). It follows that [ea,∞) is a Devaney hair of h that does not intersect
A′(h, V ). 
Remark. It is in fact possible to construct a transcendental entire function g
with a logarithmic tract V such that V contains a component C of J(g) that
is a Devaney hair of g with C ∩ A′(g, V ) 6= ∅. In order to do this, we define
g(z) = h(z)/λ and consider a tract V of h, where h and V are as in the proof
of Theorem 6.2 and λ > max{3/2,M(5/4, h)}. This ensures that {z : |z| ≤
5/4} ⊂ F (g) and also that V is a tract of g with ∂V ⊂ F (g). We then set
G(w) = H(w)− L, where L = lnλ and denote the 2pii-periodic extension of G
by G. The function G is of disjoint type; that is, the tracts of G are contained in
the image of G and so, arguing as in the proof of [19, Theorem 5.10], it can be
shown that there exists a ∈ R such that [a,∞) is a component of J(G). Further,
by Lemma 6.1, [a,∞) is a Devaney hair and [a,∞) ∩ A(G) = ∅. Then, because
G is of disjoint type and ∂V ⊂ F (g), it can be shown that C = [ea,∞) is a
component of J(g) that is a Devaney hair of g with C ∩ A′(g, V ) = ∅.
To conclude the section, we show that the tract T can indeed be chosen with
the desired properties.
Proposition 6.3. Let (δk)k≥0, (ηk)k≥0 and (θk)k≥0 be arbitrary sequences of pos-
itive real numbers. Then there exist sequences (rk)k≥0, (εk)k≥0 and (uk)k≥0 with
uk ∈ T , for k ≥ 0, such that, if T and F are as described before Lemma 6.1, and
wk = uk + 2pii/3, then
(A) uk, F (uk) ∈ (rk−1 + 2, rk − 1− δk);
(B) uk+1 > F (rk − 1) + ηk;
(C) ReF (wk) > uk+1 + θk.
Proof. For a hyperbolic domain U , let dist U(., .) denote hyperbolic distance in U
and ρU(.) denote hyperbolic density in U ; see [7], for example. Since the curve
[1,∞) is a hyperbolic geodesic in T , we have
log(F (u)) = dist H(1, F (u)) = dist T (1, u) =
∫ u
1
ρT (t)dt,
for all u ∈ [1,∞). Now, by [7, Theorem 4.3], we have
1
2dist (w, ∂T )
≤ ρT (w) ≤
2
dist (w, ∂T )
, for w ∈ T.
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Therefore we can easily estimate the behaviour of F in an initial segment of the
tract, independently of the choices of rk and εk for large k.
More precisely, these estimates for ρT (.) show that if u ∈ [1,∞) and u ≥ rk,
for k ≥ −1, then there exist finite positive numbers b(u) and B(u) depending on
rj and εj, for 0 ≤ j ≤ k, such that
b(u) ≤ F (u) ≤ B(u),
for all possible choices of rj and εj, j > k, for which rk+1 > u + 1. Moreover
b(u)→∞ as εk → 0. Note that B(u) ≥ F (u) ≥ u for all u ≥ 1.
Also note that, for k ≥ 0, we can connect wk to rk + 1 in T by a curve of
length
(rk + 1)− uk + 2pi/3 < 3rk
that has distance at least 1/2 from ∂T . Hence the hyperbolic distance from wk
to rk + 1 is at most 12rk. We can use this observation to bound the real part of
F (wk) from below in terms of F (rk + 1). Indeed,
dist T (wk, rk + 1) = dist H(F (wk), F (rk + 1)) ≥ log(F (rk + 1)/ReF (wk)),
and hence
ReF (wk) ≥ F (rk + 1) exp(−12rk).
We now define the sequences uk, rk and εk inductively. We begin by choosing
u0 = 1 and r0 > δ0 + 2.
If we have defined rj and uj for 0 ≤ j ≤ k, and εj for 0 ≤ j < k, then we
choose (in order), uk+1 so that
uk+1 > max{rk + 2, B(rk − 1) + ηk},
εk so that
b(rk + 1) > (uk+1 + θk) exp(12rk)
and rk+1 so that
rk+1 > B(uk+1) + 1 + δk+1.
(Recall that if u ≥ rk, then b(u)→∞ as εk → 0, and hence the desired choice
of εk is indeed possible.)
This completes the inductive description. Clearly properties (A) and (B) are
satisfied by construction. To verify property (C), note that
ReF (wk) ≥ F (rk + 1) exp(−12rk)
≥ b(rk + 1) exp(−12rk) > (uk+1 + θk),
as desired. 
Remark. Note that the proof shows that the sequences δk, ηk and θk could
also be allowed to depend on previous values of rj , εj and uj. More precisely,
they can depend on the values uj , j ≤ k, and on rj and εj, j < k. Additionally,
ηk may also depend on rk, and θk on rk and uk+1.
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